We obtain the von Kármán-Howarth relation for the stochastically forced three-dimensional HallVinen-Bekharvich-Khalatnikov (3D HVBK) model of superfluid turbulence in Helium ( 4 He) by using the generating-functional approach. We combine direct numerical simulations (DNSs) and analyitcal studies to show that, in the statistically steady state of homogeneous and isotropic superfluid turbulence, in the 3D HVBK model, the probability distribution function (PDF) P (γ), of the ratio γ of the magnitude of the normal fluid velocity and superfluid velocity, has power-law tails that scale as P (γ) ∼ γ 3 , for γ 1, and P (γ) ∼ γ −3 , for γ 1. Furthermore, we show that the PDF P (θ), of the angle θ between the normal-fluid velocity and superfluid velocity exhibits the following power-law behaviors: P (θ) ∼ θ for θ θ * and P (θ) ∼ θ −4 for θ * θ 1, where θ * is a crossover angle that we estimate. From our DNSs we obtain energy, energy-flux, and mutual-friction-transfer spectra, and the longitudinal-structure-function exponents for the normal fluid and the superfluid, as a function of the temperature T , by using the experimentally determined mutual-friction coefficients for superfluid Helium 4 He, so our results are of direct relevance to superfluid turbulence in this system.
INTRODUCTION
Over the past three decades, there has been considerable progress in the characterization of the statistical properties of turbulent fluids by combining methods from nonequilibrium statistical mechanics and fluid dynamics [1] [2] [3] [4] . By comparison, the study of the statistical properties of turbulent superfluids is in its infancy; but this field has experienced a renaissance because of advances in experiments [5] [6] [7] [8] [9] [10] [11] [12] [13] , and developments in theoretical and numerical investigations [14] [15] [16] [17] [18] . The most common experimental system is liquid Helium 4 He in its superfluid state, for temperature T ≤ T λ , the superfluid transition temperature; in addition, turbulence in superfluid 3 He and Bose-Einstein condensates (BECs) is also being explored [19] [20] [21] [22] .
The following models have been employed to study superfluid turbulence: (A) At the kinetic-theory level there is the model of Zaremba, Nikuni, and Griffin [23] . (B) For weakly interacting Bose superfluids, we can use a Gross-Pitaevskii description, which is applicable down to length scales that are comparable to the core size of a quantum vortex [24] [25] [26] . (C) Vortex-filament models, which are useful at length scales of the order of the typical separation between quantum vortices [27] [28] [29] . (D) the Hall-Vinen-Bekharevich-Khalatnikov (HVBK) two-fluid model, with interpenetrating superfluid (s) and normalfluid (n) components, which generalizes the two-fluid models of Landau and Tisza [30, 31] , by including a mutual-friction term; the HVBK model provides a good starting point for the study of superfluid turbulence at length scales larger than several inter-vortex-separation lengths [32, 33] and if there is a high density of quantum vortices that align in some regions to yield a classical vorticity field; measurements on liquid 4 He have been used to determine the temperature dependence of the mutualfriction coefficients [5] . (E) Wave-turbulence models of superfluid turbulence [34] [35] [36] have been used, inter alia, to study Kelvin waves in a turbulent superfluid.
The HVBK description of superfluid turbulence has been successful in obtaining energy spectra in statistically steady superfluid turbulence, in both three dimensions (3D) and two dimensions (2D), and in examining the mutual-friction-induced alignment of superfluid and normal-fluid velocities [17, 37, 38] . The multiscaling of velocity structure functions and other measures of intermittency are now being examined both experimentally [13, 39, 40] , numerically, and theoretically [41] [42] [43] . Most theoretical and numerical work on such multiscaling has been restricted to HVBK-shell-model studies. Furthermore, a precise generalization of the vonKármán-Howarth relations, which have been obtained for classical-fluid and magnetohydodynamics (MHD) turbulence [44] [45] [46] , does not seem to be available for superfluid turbulence, to the best of our knowledge; but a recent study has begun to address this issue [43] .
We obtain the generalized von Kármán-Howarth relation for the stochastically forced 3D HVBK model of superfluid turbulence by using the generating-functional approach that has been developed in Refs. [44] [45] [46] . By carrying out direct numerical simulations (DNSs) of the 3D HVBK equations, we show that, in the statistically steady state of homogeneous and isotropic superfluid turbulence, the probability distribution function (PDF) P (γ) of the ratio γ of the magnitudes of normal-fluid and superfluid velocities, has power-law tails that scale as P (γ) ∼ γ 3 , for γ 1, and P (γ) ∼ γ −3 , for γ 1; we show, analytically, how these scaling behaviors can be understood. Furthermore, we show that the PDF P (θ), of the angle θ between the normal-fluid and superfluid velocities, behaves as P (θ) ∼ θ, for θ θ * , and P (θ) ∼ θ −4 , for θ * θ 1 (with θ * a crossover angle that we define below). We also calculate the longitudinalvelocity structure-function exponents for both normal and superfluid components, as a function of the temperature, to explore the multiscaling of such structure functions in 3D HVBK superfluid turbulence. The parameters for our DNS runs (Table I) are taken from the measurements of Ref. [47] on superfluid 4 He; therefore, our results are of direct relevance to superfluid turbulence in this system.
The remainder of this paper is organized as follows. Section II defines the simplified version of the HVBK model and the numerical method that we use to study superfluid turbulence in this model. Section III comprises two subsections; the first contains our analytical results for the analog of the von-Kármán-Howarth relation for HVBK superfluid turbulence; the second subsection is devoted to our numerical results for the multiscaling of HVBK structure functions and other statistical properties of HVBK turbulence. Section IV contains a discussion of our results. Some of the details of our calculations are given in the Appendix.
II. MODEL AND NUMERICAL SIMULATIONS
We use the simplified form of the HVBK equations [33] , which comprise the incompressible Navier-Stokes (for the normal fluid) and Euler (for the superfluid) equations coupled via the mutual-friction term. In addition to the kinematic viscosity ν n of the normal fluid, we include Vinen's effective viscosity [48] ν s in the superfluid component to mimic the dissipation because of (a) vortex reconnections and (b) interactions between superfluid vortices and the normal fluid [49] ; ν s ν n . These equations are:
here, u n (u s ), ρ n (ρ s ), p n (p s ), and f n u (f s u ) are, respectively, the velocity, density, pressure, and external-forcing term for the normal fluid (superfluid). The mutual-friction term
leads to energy transfer between the normal and superfluid components [50, 51] ; u ns = u n − u s is the slip velocity, ω s = ∇ × u s is the superfluid vorticity, and B and B are the mutual-friction coefficients.
We perform extensive DNSs of the HVBK equations (1a-1d) by using the pseudospectral method, with periodic boundary conditions, in a cubical box of length 2π, along each direction, and N 3 c collocation points; we use the 2/3 de-aliasing rule [52] and a constant-energyinjection scheme for forcing [53, 54] , in which we force the Fourier modes in the first two Fourier-space shells for the superfluid, at low temperatures, and the normal fluid, at high temperatures. We use the second-order Adams-Bashforth scheme for time marching [54] . The parameters for the various runs we perform are listed in Table I .
III. RESULTS
We begin (Sec. III A) with our results for the structurefunction hierarchy for 3D HVBK turbulence that is statistically steady, homogeneous, and isotropic. In particular, we obtain the hierarchy of equations for the structure functions that are statistically steady-state values of integer powers and products of ∆u α = [u α (x + r) − u α (x)].r and ∆u α⊥ = [u α (x + r) − u α (x)] ×r (α can be n (normal) or s (superfluid)), which are, respectively, velocity increments along r or perpendicular to it. We obtain explicit expressions for third-order structure functions. In Sec. III B, we present results from our DNSs of the 3D HVBK equations for the PDFs P (γ) and P (θ) and the longitudinal-velocity structure-function exponents for both normal and superfluid components, as a function of temperature; we then explore their multiscaling properties.
A.
Structure-Function Hierarchy
We now obtain the structure-function hierarchy for normal-fluid and superfluid velocities by using Eqs. (1a) -(1d) and the external forces f n u and f s u , which are zeromean, Gaussian random variables with the covariances
where both K n ij and K s ij are even functions of (x − x ), and the Cartesian indices i, j = 1, 2, 3. We define the two-point generating functionals Z for u n (x 1 , t 1 ) and u s (x 1 , t 1 ), u n (x 2 , t 2 ) and u s (x 2 , t 2 ), to calculate the hierarchy of relations for equal-time structure function in the nonequilibrium, statistically steady state of the stochastically forced 3D HVBK equations.
The two-point generating functional Z is
where λ 1n , λ 2n , λ 1s , and λ 2s are the variables conjugate to u n (x 1 ), u n (x 2 ), u s (x 1 ), and u s (x 1 ), respectively,
is the joint probability distribution function (JPDF) of u n and u s . We set t 1 = t 2 = t, which suffices for calculating the equal-time structure functions we consider. By taking the time derivative of Eq. (4), we get the master equations for the normal fluid and superfluid:
by substituting Eqs. (1a -3) in Eq. (5) and Eq. (6) we get, in the statistically steady state,
where r i (i = 1, 2, 3) are the Cartesian components of the relative vector r = (x 1 − x 2 ), with r = |r| andr = r/r, and
, and D n (D s ), which arise, respectively, from the pressure, forcing, and dissipation terms from the normal fluid (superfluid), are defined as follows:
It is useful to define x, the center-of-mass coordinate; clearly x 1 = x + r 2 and x 2 = x − r 2 . Equations (7) and (8) are invariant under the Galilean transformation r = r − u 0 t, t = t, and u α = u α + u 0 ; here, α stands for n and s, with u 0 a constant velocity. If we impose the homogeneity condition ∂Z ∂x = 0, we find that Z depends only on r. For simplicity, we consider λ 1n antiparallel to λ 2n , i.e., λ 1n = −λ 2n ≡ λ n and λ 1s antiparallel to λ 2s , i.e., λ 1s = −λ 2s ≡ λ s . (For a discussion of this choice, see footnote [47] of Ref. [46] for the formally related problem of MHD turbulence.) We get the generalized structure function (∆u m ni )(∆u n si ) by taking the order m derivative of Z with respect to the Cartesian component λ ni and the order n derivative of Z with respect to the Cartesian component λ si . In the case of homogeneous and isotropic 3D HVBK superfluid turbulence, Z n depends on η n1 = r, η n2 = λ n ·r n = λ n cos θ n , and η n3 = λ n sin θ n and Z s depends on η s1 = r, η s2 = λ s ·r s = λ s cos θ s and η s3 = λ s sin θ s . In terms of these variables the generating functionals can be written as follows:
here, ∆u α = [u α (x + r) − α(x)].r and ∆u α⊥ = [u α (x + r) − u α (x)] ×r (α can be n (normal) or s (superfluid)) are, respectively, velocity increments along r or perpendicular to it; similar increments can be defined for the forcing and mutual-friction terms. By using the variables r, η n2 , η n3 , η s2 and η s3 in Eqs. (7) and (8), in the statistically steady state, we get:
If we multiply Eq. (11) by η n3 and Eq. (12) by η s3 , and we substitute Eq. (10) in Eqs. (11) (12) , we obtain, after some simplification:
The pressure contributions, I n p and I s p , vanish, as in the case of homogeneous, isotropic fluid turbulence [45] , if we consider only third-order structure functions. This follows from the symmetries of the velocity and pressure fields under spatial inversion (Appendix).
The forcing contributions, I n f and I s f , can also be neglected in the inertial range of scales in 3D HVBK superfluid turbulence (see below); these can be written as follows:
If we now use the Furutsu-Novikov-Donsker formula [55, 56] we get, after some simplification:
These terms contribute to the relations between third-order structure functions only at O((r/r f ) 2 ), where r f is the forcing length scale, so we can neglect them in the inertial range, for r r f , in the case of 3D HVBK superfluid turbulence (see the discussion below Eq. (7) in Ref. [45] for the case of classical-fluid turbulence in 3D).
The dissipation terms are:
If we take the limit of large Reynolds number, i.e., ν n → 0 and ν s → 0, define 
If we take the derivative ∂ 2 ηn2 ∂ ηn3 of Eq. (13) and the limits η n2 , η n3 → 0, we get
the derivative ∂ 3 ηn3 of Eq. (13) yields, in the limits η n2 , η n3 → 0,
From the derivative ∂ 2 ηs2 ∂ ηs3 of Eq. (14), we obtain, in the limits η s2 , η s3 → 0,
similarly, the derivative ∂ 3 ηs3 of Eq. (14) gives, in the limits η s2 , η s3 → 0,
Equations (22)- (25) are the (3D HVBK, statistically homogeneous, isotropic superfluid turbulence) analogs of the von Kármán-Howarth relation for statistically homogeneous and isotropic fluid turbulence. If we make the simplifying assumption (as in Ref. [43] ) that the mutual friction is not significant in the inertial range of scales, then we find the usual von Kármán-Howarth relation, as in conventional classical-fluid turbulence. However, numerical simulations (see the next subsection III B for our results, Eqs. (11d)-(11f) and Figs. 3(d)-3(f) in Ref. [43] , and, for 2D HVBK turbulence, Fig. 3 (f) of Ref. [17] ) indicate that the mutual-friction contribution is non-negligible in the inertial range of scales. Therefore, we must retain it in the structure-function hierarchy as we have done in Eqs. (22)- (25) . Note that, if there is complete alignment of the normal and superfluid velocities in the statistically steady state, then the mutual-friction term can be neglected; however, as we show in subsection III B, this alignment is imperfect.
We note, in passing, that we can also develop a structure-function hierarchy for the case of statistically steady, homogeneous, isotropic 2D HVBK superfluid turbulence [17, 57] by using the generating-functional methods we have outlined above for 3D HVBK superfluid turbulence. In this 2D case, we must distinguish between forward-and inverse-cascade regimes [17, 57] ; in the former, there is a forward cascade of enstrophy, from the forcing length scale to smaller length scales; in the latter, there is an inverse cascade of energy towards large length scales. If we recall that there is no dissipative anomaly in the forward-cascade regime in 2D turbulence [57] , we see immediately that we obtain Eqs. (22)- (25) with the dissipation terms on the right-hand side set to zero. In the inverse-cascade regime, the forcing contribution does not vanish, but it is of O(1), because r r f . Therefore, in the inverse-cascade regime, the right-hand sides (RHSs) of Eqs. (22)- (25) do not have dissipation terms (like −2 n ); instead, the RHSs of Eqs. (22)- (25) 
B. Numerical Results
We have noted above that, if the normal-fluid and superfluid velocities are completely aligned, the mutualfriction terms do not appear in Eqs. (22)- (25) . It is important, therefore, to characterize the degree of alignment between these velocities. We follow the 2D-HVBK turbulence study of Ref. [17] , define the ratio of the magnitudes of normal-fluid and superfluid velocities γ = un us , and then we obtain the probability distribution function (PDF) P (γ) or the cumulative probability distribution function (CPDF) Q(γ). We also obtain the PDF P (θ), where θ = cos −1 ( un·us unus ) is the angle between u n and u s . We first present data from our DNS studies of 3D HVBK superfluid turbulence, for the runs R1 − R8 (parameters in Table I ). In Figs. 1 (a) and (b) we give loglog plots of the CPDF Q(γ) versus γ for (a) γ 1 and (b) γ 1, respectively. These plots show the following power-law tails (extending for about a decade given the resolution of our study) that are consistent with Q(γ) ∼ γ 3 , (P (γ) ∼ γ 2 ), for γ 1 and Q(γ) ∼ γ −3 , (P (γ) ∼ γ −4 ) for γ 1. Similar results for 2D- HVBK turbulence (subscript 2D) have been obtained in Ref. [17] :
These exponents appear to be universal, insofar as they do not depend on the parameters (like B and B ) in 3D-and 2D-HVBK superfluid turbulence; however, these exponents depend on the dimension d.
In Fig. 1 (c) we display log-log plots of the PDF P (θ) for all our DNS runs R1 − R8 (Table I ). These show that P (θ) ∼ θ, for θ 1 and θ θ * ; and P (θ) ∼ θ −4 , for θ 1 and θ θ * (given the resolution of our study, these scaling forms extend for slightly more than a decade in θ). Furthermore, these power-law exponents do not depend on parameters such as B and B and are, in this sense, universal.
We now show that the power-law regimes (and the exponents that characterize them) in the plots of Fig. 1 can be obtained by making reasonable assumptions about the joint probability distribution function (JPDF) P(u n , u s ), from which we can obtain P (γ) as follows:
For γ 1 and γ 1, one or the other fluid dominates, so we expect that the normal-fluid and superfluid velocities should be nearly uncorrelated (this is not true if γ 1). Therefore, we can make the approximation P(u n , u s ) ∼ P (u n )P (u s ) (we have checked this numerically), for γ 1 and γ 1 [P (u n ) and P (u s ) are the PDFs of u n and u s , respectively], that yields
. (27) We find that the components of the normal and superfluid velocities have PDFs that are very close to Gaussian ones in HVBK superfluid turbulence, like the PDFs of components of the fluid velocity in classicalfluid turbulence (see, e.g., Refs. [57, 58] and references therein); therefore, in d spatial dimensions, the magnitudes of these velocities should have the
) and
), where C n (C s ) and σ n (σ s ) are, respectively, the normalization constant and standard deviation for the velocity of the normal fluid (superfluid). If we substitute these Maxwellian forms in Eq. (27) and integrate over u n and u s we get
whence we obtain P (γ) ∼ γ d−1 , for γ 1, and P (γ) ∼ γ −d−1 , for γ 1; these exponents are consistent with the results we have given above, for 3D-HVBK superfluid turbulence, and the results presented in Ref. [17] , for 2D-HVBK superfluid turbulence.
To obtain the scaling forms of the PDF P (θ) at small and large values of θ (Fig. 1 (c) ) we note that sin θ = w ⊥ un (inset of Fig. 1 (c) ), where w = u n − u s and w ⊥ = u n ⊥ . For θ 1, sin θ ∼ θ and u n ⊥ = a n ⊥ t n ; here, t n 1 and a n ⊥ is the normal component of the acceleration of the normal fluid. Clearly,
where P(u n , a n ⊥ ) is the joint PDF of u n and a n ⊥ . We now make the approximation P(u n , a n ⊥ ) ∼ P (u n )P (a n ⊥ ),
which can be justified within the framework of the Kolmogorov theory of 1941 (K41) [1] as follows (our arguments follow those in Ref. [59] , which obtains the PDF of the angle between the Eulerian velocity of a turbulent fluid and the velocity of an inertial particle that is advected by this fluid): K41 assumes that, in a homogeneous, isotropic, and statistically steady turbulent , the ratio of the normal fluid speed and the superfluid speed, for γ 1, where Q(γ) ∼ γ 3 , (b) and the CPDF (Q(γ)), for γ 1, where Q(γ) ∼ γ −3 , and (c) and the probability distribution function (PDF) P (θ) of the angle θ between the normal-fluid velocity and the superfluid velocity; for θ θ * , P (θ) ∼ θ and for θ * θ
flow, the only large-length-scale property that is of importance at small length scales is , the rate of energy dissipation. Viscous dissipation becomes significant at length scales smaller than the K41 dissipation scale
; at such scales the typical fluid acceleration is a * = 3/4 ν −1/4 , whereas the dissipation-scale velocity u η d = ( ν) 1/4 . In the large-Reynolds-number limit, i.e., ν → 0, in a 3D turbulent fluid, goes to a positive constant (the dissipative anomaly); therefore, a * is much larger than typical accelerations because of largescale fluid motion; by contrast, u η d is much smaller than large-scale velocities. In summary, the normal component of the fluid acceleration can be large at small scales, where it is determined, principally, by small-scale properties of the flow; in contrast, dominant fluid velocities are determined by large-scale motions. The separation of length scales in the K41 theory then suggests that, to a good approximation, a * and u η d are statistically independent, so their JPDF can be approximated by the product of their respective PDFs. This argument can be applied, mutatis mutandis, to the normal fluid in 3D HVBK turbulence to justify Eq. (30) .
We have noted above that, in the HVBK model, P (u n ) is very well approximated by the Maxwellian distribu-
2σ 2 ); our numerical data are consistent with P (a n ⊥ ) = B 1 a
), where C n , B 1 , and B 2 are constants (this PDF has a similar form in classical-fluid turbulence [59] ). If we use these forms for P (u n ) and P (a n ⊥ ), along with Eqs. (29) and (30) , and then integrate over u n , we get (31) becomes
We now consider the ranges (a) 0 ≤ θ θ * , X 1 and (b) θ * θ 1, 1 X. Case (a): the leading term of Eq. (32) 
, in the range θ * θ 1. The power laws in the ranges (a) and (b) are consistent with our numerical results in Fig. 1 .
In Figs. 2 (a) and (b) we present log-log plots of the energy spectra
for the normal fluid and the superfluid, respectively, for T = 1.30, T = 1.80, and T = 2.17; the black lines indicate the Kolmogorov 1941 (K41) scaling form ∼ k −5/3 ; our results for these spectra are similar to those in Ref. [43] . In Figs. 2 (c) and (d) we present log-log plots of the energy-flux spectra
for the normal fluid and the superfluid, respectively; the constant-energy-flux parts of these plots indicate the extents of the inertial ranges in our DNSs for T = 1.30, range T = 1.70 to T = 1.90. Intermittency in superfluid turbulence has also been studied in Refs. [13, [39] [40] [41] [42] [43] experimentally and numerically, by shell-model and DNS studies of 3D HVBK turbulence. As in classical-fluid turbulence, we still lack an ab-initio theory of such intermittency.
IV. CONCLUSIONS
We have used the generating-functional approach to derive the von Kármán-Howarth relations [Eqs. (22)- (25)] for the 3D HVBK model of superfluid turbulence; and we have shown that the simple von Kármán-Howarth relation, for classical-fluid turbulence, is replaced by four relations here. In particular, we have included the effects of the mutual-friction term (if this term is neglected, our general results reduce to those in Ref. [43] ). Furthermore, we have obtained power-law behaviors for the PDFs P (γ) and P (θ) from our DNS results; we have then shown how these power laws can be understood analytically, if we make reasonable decoupling approximations for certain joint PDFs. The exponents of P (γ) for the 2D HVBK case, which have been calculated numerically in Ref. [17] , are in good agreement with our analytical predictions. These power-law exponents are universal in the sense that they are independent of the mutual-friction coefficients B and B and the temperature T ; it should be possible to measure them in experiments, such as those conducted in Refs. [13, 39, 40] for superfluid 4 He.
From our DNSs we have obtained energy, energy-flux, and mutual-friction-function spectra. the longitudinalstructure-function exponents for the normal fluid and the superfluid, as a function of the temperature T . We have calculated the ratios of structure-function exponents for the normal fluid and the superfluid, via the ESS method, as a function of T , by using the experimentally determined mutual-friction coefficients for superfluid Helium 4 He [5] . We have shown that there is an enhancement of intermittency for the normal fluid and the superfluid in the range 1.7 ≤ T ≤ 1.90; our results should be applicable to, and verifiable in, experiments like those of Refs. [13, 39, 40] ; they are also similar to the intermittency results in the DNSs of Ref. [43] .
The contribution from the perpendicular component in the above equation can be written as ∆u n ⊥ ∇(∆p n ) ⊥ = ∆u n θ 1 r ∂ ∂θ ∆p n . The term ∆u n θ 1 r ∂ ∂θ ∆p n changes its sign under the replacement θ → −θ, hence ∆u n θ 1 r ∂ ∂θ ∆p n = 0. Furthermore, it implies that ∆u n ∇(∆p n ) = ∆u n ⊥ ∇(∆p n ) ⊥ = 0. Similarly, we can show that pressure contribution from the superfluid components is also zero, i.e., ∆u s ∇(∆p s ) = ∆u s ⊥ ∇(∆p s ) ⊥ = 0. Thus, the pressure term does not contribute to the third-order structure functions.
The dissipation term for normal fluid is given as D n = ν n λ n1 · ∇ 2 x1 u n (x 1 ) + λ n2 · ∇
